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^ ■ Abstract 

h : 

The Feynman integral for the Schrodinger propagator is constructed 
as a generalized function of white noise, for a linear space of potentials 
spanned by measures and Laplace transforms of measures, i.e. locally 
singular as well as rapidly growing at infinity. Remarkably, all these 
propagators admit a perturbation expansion. 
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I. Introduction 



On a mathematical level of rigor, the construction of Feynman integrals for 
quantum mechanical propagators will have to be done for specific classes of 
potentials. In particular, the Feynman integrand has been identified as a 
well-defined generalized function in white noise space, e.g. for the following 
classes of potentials: 

- (signed) finite measures which are "small" at infinity [THl EH| 

- Fourier transforms of measures |18| 

- Laplace transforms of finite measures [13j. 

Potentials in the third space are locally smooth but may grow rapidly 
at infinity, a prominent example is the Morse potential. On the other hand 
the first of these classes includes locally singular potentials such as the Dirac 
delta function. It is also important for the construction of Feynman integrals 
with boundary conditions [2]. Hence it would be desirable to admit potentials 
which are linear combinations of elements from the first and third space. The 
present paper addresses this problem: we show the existence of Feynman 
integrals solving the propagator equation for such potentials. 

II. White noise analysis 

In this section we briefly recall the concepts and results of white noise analysis 
used throughout this work (see, e.g., [T], gj, 0, 0, EH, [H, EH> [Tfi] for a 
detailed explanation). 

The starting point of (one-dimensional) white noise analysis is the real 
Gelfand triple 

S(R) C L 2 (R) c S'(R), 

where L 2 := L 2 (IR) is the real Hilbert space of all square integrable func- 
tions w.r.t. the Lebesgue measure, S := S(R) and S' := S'(R) are the real 
Schwartz spaces of test functions and tempered distributions, respectively. 
In the sequel we denote the norm on L 2 by | • |, the corresponding inner 
product by (•,•), and the dual pairing between S' and S by (•,•). The dual 
pairing (•, •) and the inner product (•, •) are connected by 

(/,0 = (/,£). f^L 2 ,ieS. 
By {| • |p}p G N we denote a family of Hilbert norms topologizing the space S. 
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Let B be the cr-algebra generated by the cylinder sets on S' . Through the 
Minlos theorem one may define the white noise measure space (S f , B, p) by 
giving the characteristic function 

C(0 := / e lM dp{u) = e~^\\ £ e S. 
Js> 

Within this formalism a version of the (one-dimensional) Wiener Brownian 
motion is given by 

B{t):=(u,l m ), coeS', 

where 1a denotes the indicator function of a set A. 

Now let us consider the complex Hilbert space L 2 (p) := L 2 (S' , B, p). As 
this space quite often shows to be too small for applications, to proceed 
further we shall construct a Gelfand triple around the space L 2 (p). More 
precisely, first we shall choose a space of white noise test functions contained 
in L 2 (p) and then we work on its larger dual space of distributions. In our 
case we will use the space {S)' 1 of generalized white noise functionals or Kon- 
dratiev distributions and its well-known subspace (<S) of Hida distributions 
(or generalized Brownian functionals) with corresponding Gelfand triples 

(s) 1 c L\p) c (sy 1 

and 

(5)ci 2 (/i)c(5)'. 

Instead of reproducing the explicit construction of (i5) _1 and (S)' (see, e.g., 
[l], [H]), in Theorems [T] and [2] below we will define both spaces by their T- 
transforms. Given a $ G (5)~\ there exist p, q G N such that we can define 
for every 

ZeU p , q :={teS:y\Z\l<l} 

the T-transform of $ by 

r*(0:=«$,exp(i<.,0)»- (1) 

Here ((-, •)) denotes the dual pairing between (5) _1 and (S) 1 which is defined 
as the bilinear extension of the inner product on L 2 (fi). In particular, for Hida 
distributions definition (0) extends to £ G S. By analytic continuation, 
the definition of T-transform may be extended to the underlying complexified 
space Sc of S. 

In order to define the spaces (iS)" 1 and (S)' through their T-transforms 
we need the following two definitions. 
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Definition 1 A function F : U — > C is holomorphic on an open set U C <Sc 

i. for all 6q G £/ and ant/ 6 £ Sc the mapping C 3 X i — > F(A# + $o) 
holomorphic on some neighborhood of G C, 
F is locally bounded. 

Definition 2 ^4 function F : S — > C is called 
1. for every £1,62 G 5 t/ie mapping M. 3 A h 
extension to A G C. 

U. i/zere ernsi constants Ki, K 2 > smc/i £na£ 

|F(z£)| < Fiexp (AT 2 |z| 2 ||ef) , G C,£ G 5 
/or some continuous norm ||-|| on »S. 

We are now ready to state the aforementioned characterization results. 

Theorem 1 fljfl) Let G U C Sc be an open set and F : U —* C 6e a 

holomorphic function on U . Then there is a unique $ G (5) 1 swc/i taat 
T$ = F. Conversely, given a $ G (5) 1 iae function T$ «s holomorphic 
on some open set in Sc containing 0. The correspondence between F and $ 
is a bijection if one identifies holomorphic functions which coincide on some 
open neighborhood of in Sc. 

Theorem 2 \17\j) The T -transform defines a bijection between the space 
(S)' and the space of U-functionals. 

As a consequence of Theorem [l] one may derive the next two statements. 
The first one concerns the convergence of sequences of generalized white noise 
functionals and the second one the Bochner integration of families of the same 
type of generalized functionals. Similar results exist for Hida distributions 
(see, e.g., [5j). 

Theorem 3 Let ($„) ngN be a sequence in (S) 1 such that there arep, q G No 
so that 

1. all T$ n are holomorphic on U Ptq := {6 G Sc '■ 2 9 \6\^ < 1}, 

2. there exists a C > such that \TQ n (6)\ < C for all 6 G U PA and all n G N, 

3. (T$ n (6 l )) neN is a Cauchy sequence in C for all 9 G U PA . 
Then ($ n ) ngN converges strongly in (S) 1 . 



a U -functional whenever 
— > F(A£i + £2) has an entire 
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Theorem 4 Let (A, J 7 , v) be a measure space and A i — > $a be a mapping 
from A to (S) . We assume that there exists a U p>q C Sc, P,Q G No, such 
that 

1. T<$>\ is holomorphic on U p , q for every A G A, 

2. the mapping A i — ► T<&\(6) is measurable for every 6 G U P:q , 

3. there is a C G L 1 (A,J r , i/) swc/« £/ia£ 

|T$ A (0)| < C(A), \/6 G C/ M) i/ - a. a. A G A. 

TTien £/«ere eirisi p', q' G N 0; which only depend on p, q, such that $a is 
Bochner integrable. In particular, 

[ $ a <ma) g (sy 1 

J A 

and T (f A $\dv(\)) is holomorphic on U p > >q i. One has 

(lj$ x dv{\),tpj) =J {(Q x ,<p)) dv{\), V^G 



III. The free Feynman integral 

We follow [H] and [0] in viewing the Feynman integral as a weighted average 
over Brownian paths. We use a slight change in the definition of the paths, 
which are here modeled by 

That is, instead of fixing the starting point of the paths, we fix the endpoint 
x at time t. In the sequel we set h = m = 1. Correspondingly, the Feynman 
integrand for the free motion is defined by 

J := I {x,t\y,t ) :=Nexp ^^-^ J u 2 (t) dr\ 8(x(t )-y), 

where, informally, is a normalizing factor, more precisely, A^exp(-) is a 
Gauss kernel (see, e.g., [H], [IE])- We recall that the Donsker delta function 
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S(x(t ) — y) is used to fix the starting point of the paths at time to < t. The 
T-transform of the free Feynman integrand 



(2) 



is a [/-functional and we use it to define 1$ as a Hida distribution (see [3]). 

From the physical point of view, equality (J2J clearly shows that the Feyn- 
man integral TI (0) is the free particle propagator 

1 



ex P 7T7T T\(. X ~V)' 



y/2iri(t-t ) \2(*-*o) 

Besides this particular case, even for nonzero £ the T-transform of Jo has a 
physical interpretation. Integrating formally by parts we find 

x exp ( - l - / £ 2 (r) dr + ix£(t) - iy£(to] 
V 1 J[to,t] c 

The term exp ^— i J t * x(r)£(r) rfrj would thus correspond to a time-dependent 
potential W(x,t) = £(t)x. In fact, it is straighforward to verify that 

Q(t - t ) • T/ (0 = K® exp (-1 / £ 2 (r) dr + ixffl - iyt(t )) , 

V ^ -/[to,t] c / 

where 9 is the Heaviside function and 

A/27T2|t - t 1 V 2 /to 

xexp ^2-^ (JjWdT + x-y 

x exp (M/£(t ) - ix£(t)) 

is the Green function corresponding to the potential W, i.e., K$ obeys the 
Schrodinger equation 

id t + ldl-i(t)x] K { o (x,t\ yi t )=i5(t-t )5(x-y). (3) 
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IV. Interactions 



In the sequel /Q denotes the linear space of all potentials V on K of the form 

V(x) = [ e ax dm(a), iGl, 
Jr 

where m is a complex measure on the Borel sets on R fulfilling the condition 

3 C|Q| rf|m| (a) < oo, VC>0 (4) 



(cf. [13J), and /C 2 denotes the space of all potentials V on M which are gen- 
eralized functions of the type 

V(x) = / 5(x — y) dm(y), igK, 
Jr 

where dm{y) := V{y)dy is a finite signed Borel measure of bounded support 
(cf. H 



Remark 5 A Lebesgue dominated convergence argument shows that poten- 
tials in K,\ are restrictions to the real line of entire functions In partic- 
ular, they are locally bounded and smooth. 

Our aim is to define the Feynman integrand 

I := J • exp (^-i jf V{x(t)) dr^j (5) 
for a potential V of the form V = V± + V2, Vi e KLi, 

V l {x)= [ e ax dmi{a), V 2 {x) = [ 5{x - y) dm 2 {y), (6) 



where 



x(t) = x — / u(s) ds, E S' 



as before. In order to do this, first we must give a meaning to the heuristic 
expression ((HJ). In Theorem it will be shown that I is indeed a well-defined 
generalized white noise functional. Secondly, it has to be proven that the 
expectation of I solves the Schrodinger equation for the potential V. 
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As a first step we expand the exponential in (JHJ) into a perturbation series. 
This leads to 



n=0 k=0 



to 

n— fc \ A; n— A; fc 



/ / J exp ( Q!;x(s;) ) ]~[ 8(x(Tj) - xj) J] dmijai) J] dm 2 (x j ), 

J^ k J^- k Vz=l J j=l 1=1 3=1 

(7) 

where A k := {(ri, r fc ) : t < r i < ••• < Tfc < 0- I n the above expression the 
integrals over A k ,R k and [to,t} n ~ k ,M. n ~ k disappear, respectively, for k = 
and k = n. Our aim is to apply Theorems El and |U to show the existence 
of the above series and integrals. However, first we have to establish the 
pointwise multiplication of generalized functionals 



'n—k \ k 

J exp ( y^aixjsi) J JJ^arfa) 

J=l J 3=1 



X 3, 



as a well-defined generalized functional. Due to the characterization result 
Theorem [2] it is enough to define this product through its T-transform. Ar- 
guing informally, for £ G S we are led to 

t/n-k \ k \ 

J exp ^Y^aix{si)J J\5{x{jj) -Xj)j (£) 

'n—k \ k 



I I exp a i x ( s i) TT ( ^( a; ( r i) - ^i) ex P (w, 0) dn(w) 

J S' \i =1 J j=1 

/ n—k \ / k \ n— A; 

exp i^a, -T 7 S(x(tj) - xj) (£ + % atj !(„,*]). 



2=1 / \ j=i / z=i 

The product Jo ll/=i ^( x ( r i) — x j) i s a slight generalization of the free Feyn- 
man integrand Iq, with more than just one delta function, and may be defined 
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by its T-transform, 



T (^IojlSixiTj) - Xj )J (0 

ex P ( ~\ I i 2 {s)ds + £zf(t) - iyffo) J TT K o\ x v T j\ x j-u r i-i) 

«p(-U<-w-)n 



x ex P I 2 ^ _ - ^ ^ J Z,(s)ds + Xj - Xj-! 

(8) 

Here r := to,Xo := y,Tk+i := t, and x^+i := x. Clearly the explicit formula 
(JH|) is continuously extendable to all £ G L 2 which allows an extension of 

T ( J o Ilj=i K x i T i) ~ x i)) to tne argument £ + % YT\Z\ «fl («,,*]• 
Proposition 6 The product 



tn—k \ fc 

1=1 J j=l 



]) x jj 



defined by 

T^n,k(0 

(fc \ / n—k \ / n— A; 

i Yl s ( x ( r j) - x j)\ ( £ + i ail ( s iA ) ex p( x ^2 a i 

f. „ / n-k \ 2 \ fc+1 



,=i / i '.i V 2 ""^ 7 ") - T i-') 

. / »t- / ri— fc " \ - 



n—k 



x exp| x 



/=1 



is a Hida distribution. 



Proof. It is obvious that the latter explicit formula fulfills the first part of 
Definition analyticity. In order to prove that $ ni fc is a Hida distribution 
by application of Theorem we only have to show that T§ nt k also obeys a 
bound as in the second part of Definition [2j For every 6 e Sc we have 



n.k 



n—k 



< 



exp \x\ ^ \ a i\ 



k+l 



n 



exp 



n— ft „ ^ 

2 (s)ds + ^aj / 0(s)l (S!it] (s)ds 

Z=l ^ R / 



X 



ex P| 2^ 

/fc+1 



[s)ds 



«pffr^7 f P E> f T 1 

\i=l J ' V T i-i / 1=1 



(M( S K' 



n—k 



Z=l 



which is majorized by 



n.k 



< 



k+l 

n — 



exp (2 ||0|| 2 ) 



i—k 



x exp (|x| + £ — to 



i=i 



n—k 



X 



6XP ( 4 o<^+i 1^1 E j ex P ( #<T + i (l^n 



=: C(n, r fe ; on, a n _ fc ; a;i, x k ; 6) =: C 
independent of S\, s n -fc 5 where 



sup \9(s) 
se[to,t] 



to 



6(s) ds+\9\ 



(9) 
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is a continuous norm on Sc, cf. Appendix below. This estimate for T$ n fc is 
of the form required in Definition 2, which completes the proof. ■ 

According to Proposition all $ n fc are Hida distributions and thus also 
generalized white noise functionals with TQ n k entire on Sc. Moreover, each 
T$ n ,k{9) is a measurable function of 

for every 9 £ Sc. Hence, in order to apply Theorem |U to prove the existence 
of the integrals in /, we only have to find a suitable integrable bound for 
\T§n,k{0)\- Since the measure m\ fulfills the integrability condition (pjj and 
the signed measure m<i is finite and has support contained in some bounded 
interval [—a, a], a > 0, one may infer the integrability of C for every 6 G Sc' 



ft ft~f^ ft Ay ft t\ }C 

/ d k r / cf^s / TTdmzfo) / TTd|77n|(a,)C7 



\n—k 



< exp (2 || ^ || 2 + 6 2 ) (t-t 

r k+l 

x / TT - =d k r 

JA k fJl V 2?r ( r i - r i-i) 



(im 2 (x) 



x 



exp ((|x| +46 + t-t + ||0|| 2 ) \a\)d mi 



at. 



n—k 



where 6 := maxja, |y|, |x|}. Thus, according to Theorem EJ there exists an 
open set U <Z S c independent of n such that 



dV / d n ~ k s 

to 



n—k k 

®n,k Yl dm 1 (ai)Y\_dm 2 (x j ) G (S)' 1 

1=1 j=l 



for each k < n and every n G N, and all T/ n fc are holomorphic on {7. To 
conclude the existence of I we only have to prove that the series in n converges 
in (S)~ l in the strong sense. This follows from Theorem 03 In fact, due to 
for every 6 G U one has 



!"(*)!< :>H"„„ 

n=0 fe=0 v 7 



■(*)! 
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where the right-hand side is upper bounded by the factor exp (2 \\6\\ 2 + 6 2 ) 
times the Cauchy product of the convergent series 

f2-((t-t ) ( e(^ +4b+4 -* 0+ ll e HHd| mi |(a)y 



X 



E 

,n=0 



dm,2(x) 



n+1 , 

TT 1 



-.d U T 



oxp ((*-*„) / eO^+^^+H^^dlmiKa) 

1 



x 



E 

n=0 



dm2(x) 



n+1 



An \/ 27r ( r i - r i- 



cfY. 



We note that the latter series converges because 

n + 1 1 /t-v /i /r.\\ "+1 



1 



=cfY 



(i/2) y +i (t-to) 



(n-l)/2 



2tt / 



r(f) 



is rapidly decreasing in n. 

In this way we have proved the following result. 



Theorem 7 For every V\ G /Ci and V 2 G /C 2 o/ /orm (0|), £/ie 



n=0 fc=0 V 7 JAfc 

„ „ / n— fc \ fc n— fc fc 

/ / J exp I y^aix(si) TT 5(x(r 3 -) - x 3 ) TT dm^ai) TT dm 

Jr* Jr^ Vtf / 7=1 f=i 7=i 



2(^0, 



exists as a generalized white noise functional. The series converges strongly 
in (S)^ 1 and the integrals exist in the sense of Bochner integrals. Therefore 
we may express the T -transform of I by 

n=0 n - fc=0 W ./A* Jt 
„ „ / / n— fc \ fe \ n— k k 

/ / T J exp ly^aixisi) ]Y\5(x(T j ) - xj) \ (9)T\dm 1 (ai) T\dm 2 (x j ) 
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for every 9 in a neighborhood j# G Sc '■ 2 9 \9\ 2 < 1 j of zero, for some p,q G 
No 

According to Theorem / is a well-defined generalized white noise func- 
tional. In order to conclude that I defines a Feynman integrand it remains 
to show that the expectation T/(0) of / solves the Schrodinger equation for 
a potential V = V\ + Vi-,Vi G /Q. As in the free motion case we consider, 
more generally, 

K w (x,t\y,t ) := e(t-t )TI(9)exp ( % - [ 9 2 (r) dr + iyO (to) - ix9 (t) 
Insertion of TI{9) as given in Theorem with 

(/n-k 
J exp I ^2aix{si) ) JJ<y(ar(rj-) - Xj) 

as in Proposition 4, yields 

oo 

KW(x,t\y,t ) = ^KW(x,t\y,t ), 

n=0 

with 

\n rt 



Ki 9 \x,t\y,t ) := L^f- [ d n s [ f[dm 1 (a l )K^ n \x,t\y,t ) 

n ~ l (_j\n-k rt p n-k 

+ EMmT / dn ~ ks / Udm^Gi 9 - k \x,t\y,t ) 
+G<P(x,t\y,t ), 

(10) 



where we have set 9 n _ k := 9 n _ k (s 1 , s n _ k , a ly a n _ k ) := 9+i Ya=i a i^(si,t] 
for k = 0, ...,n — 1, 9 := 9, and 

Gf n - k \x,t\y,t ) := (-t) k d k r ]J dm 2 (x j ) ]J K^fa, r^-i, r^) 



for A; = 1, n, n > 0. 

We expect to be the propagator corresponding to the potential 

W(x,t) = V{x) + 9(t)x. 
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Theorem 8 K^'(x,t\y,t ) is a Green function for the Schroedinger equation 



(idt + ]f x - 6(t)x - V(x)j KW(x, t\y, t ) = iS(t - t )5(x - y). (11) 
In particular, K(x,t\y,t ) := TJ(0) is a Feynman integral solving 

idtK{x, t\y, t ) = i- l -d 2 x + V(x)\ K(x, t\y, t ), for t > t . (12) 



Remark 3 K corresponds to a unitary evolution whenever H = —\d\ + V 
has a unique self-adjoint extension. 

Proof. Let us consider an interval [T ,T] such that [to,t] C [T ,T]. Esti- 
mates similar to those done in the proof of PropositionEJshow that Kn (■, -\y, to 
is locally integrable on R x [T , T] with respect to dm 2 x dt and the Lebesgue 
measure. Therefore, we may reg ard K n e) distribution on V(Q) : = 

V{Rx[T ,T)): 

(Ki e \;-\y,t ),<p)= [ dx [ dtK^{x,t\y,toMx,t), ^D(fi). 
Jr Jt 

(0) 

And we may also define a distribution V 2 K n by setting 

(V 2 K^{-,-\y,t ),ip) = f dm 2 {x) [ dtK® (x,t\y,t )<p(x,t), (p G V(£Y). 

Jr Jt 

To abbreviate we introduce the notation L := id t + \d 2 x — 6{t)x and L* for 
the dual operator. According to (fTOf . observe that for any test function 
(p G V(p) one finds 



nl 



„ n \ 

d n s ]7dmi(a0^ n) (vMo),£V 

JR n i_n 



to JR n i =l 
n— 1 / -\n—k If- f n—k 



+ Ef^TT- ( / dn ~ ks I \[dmM)Gt n - k \-r\y,tolL^\lZ) 

r._! V 1 ~~ K Y- \Jtn JR""* ,_ n / 



+ (vll/,*o),£V 
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where 

(-<)» 



f d n s f f[dmx(ai)KV n \.,.\y,t ),L*<p) (14) 

J t JR n [=1 / 

^^-AV, [ d n -h [ Y[dm 1 (a l )K^\-,-\y,t ), 

n-iy.\ j t0 v-i -H- 



cf. H3L and 



(G«P(vlv,fo),£v) = (w£i(vlv, *>),¥>) (15) 

cf. [IH], jUIj. The generic case ([TT?| is intermediate between (fTll) and ([TBI) and 
is dealt with by a combination of the corresponding techniques. This yields 

„. » n—k \ 

/ d n ~ k s / Udm^Gf^i-rly^),^ 

J t JR"~ k l=l i 

Hn-k)(v x / d n ' k ~ l s / H dm 1 (a l )G$ n - h -'-\-,-\y,to),<P 

\ Jt JR n ~ k - 1 J=1 j 



't JR n ~ k l=1 

for any k = 2, n — 2, 

n-l 



Jt Jr™- 1 l=1 

i{n-l)(v x [ d n ~ 2 s [ f[dm 1 (a l )G? n -' , \-,-\y,to),(p 
\ J to Jr™- 2 f = i 

+ ( V 2 [ d n -h [ fldmx^K^^-lv,^) 

\ Jto JR"- 1 7LT 



't JR"- 1 l=1 

and 

ds / dm 1 (a 1 )G^{{- } -\y } t ),L m (p 



to 



i(v 1 G i °U;-\y,to),<p) + faj^ ds J^dm 1 (a 1 )G^ 2 (;-\y,t ), (p y 
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As a result 



-i 



n-l 



in 



i ) 1 \ J t it"" 1 " 

n ~ 2 (_j)n-k-l If r n-k-1 

+ Et^T3w(M dMs L^ n drnM)G^-%-\y,to)^ 



k=1 v --k-iy. \ j t0 j mn ... r i 
+EKm 7j / rt / Il rfm i^) G lV(- ; -ii/^o)^ 

fc= 2 I 71 " \ ^o ^R»-* , =1 

+ ((^i + ^)Gi e 2 1 (-,-| 2/ ,to),^), 
which is equivalent to 

'LK<f> ,<p) = ((yi + V 2 )K® 1 ,<p), V EV(Q), 



for any n > 1. Using Q and summing over n, we obtain ifTTj) . ■ 

We conclude by an observation which is obvious from the above construc- 
tion but somewhat unexpected given that the Hamiltonians with potentials 
in the class K.2 will in general not admit a perturbative expansion (see e.g. 
[13j for more on this). 



Proposition 9 For any potential V = g (Vi + V 2 ) with G /Q, the solution 
K of the propagator equation {U|] is analytic in the coupling constant g. 
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Appendix: An estimate 

For the proof of Proposition we need to estimate 

/ n—k 

< exp \x\ ^ \ a i\ 



k+l 



n 



1 V 2lT ( T J ~ T 3-l) 



n—k 



exp -- / 9 2 (s)ds + ^ct, / 9(s)l {Sht] (s)ds 



i=i 



fc+i 



exp J2 



[s)ds 



/k+l 



X 



n—k \ 

» + i^a,l (aiit] (s) ds 



/k+l 



\i=i 



Z=l 



We shall now estimate, consecutively, the exponents occuring in the above 
expression. 

Using the Cauchy-Schwarz inequality we may approximate 



< 



< 



exp [y^ai / 0(s)l( Sht] (s)ds 
\i=i ® , 

Y^\ a i\ yj \6(s)\ 2 dsj y/t - Si 



n—k 



exp y/t=h\9\ £}|a,| 



1=1 



and, similarly, 



fc+i 

£ 



2 - T J-i) 



6{s)ds 



t j-i 



< 
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as well as 



< 



3=1 J 

T: — 7 



n— fc 

i=i 



T 7 - T i-l 

n-k 



j=l 1 3- 



t {Sh t](s)ds 
t j-i 

n—k 



\e(s)\ds )( Tj -r^ 1 )J2H 



i=i 



n—k „f n—k 

J2\<*i\ / \0(s)\ds< Vt^T \6\J2 
i=i ^ to i=i 



ml 



where we have again used the Cauchy-Schwarz inequality to obtain the latter 
inequality. 

Finally, in order to estimate the exponential of the function 



fc+1 

fc+i . / _ 



n—k 



E 



n—k k+1 



Z=l j=l J 3 1 • /7 i-i 

first we proceed as in [TH], i.e. 

fc+i 



s) +i^2a l l {sht] (s) ) rfs 
i=i 

6(s)ds 

l {sii t](s)ds, 



E 



X 3 X j~l 
T 3 ~ T 3-l 



9(s)ds 



X 



T J-1 



t - T k 
k 

+E 

i=i 



(s)ds 



s)ds 



to 



Tl ~ t 

ne(s)ds o(s)ds 



By the mean value theorem 



E 

3=1 



■ s T J_j{s)ds r +1 ^)ds 



T 3 - T )-l 



r i+i ~~ T j 



J2 x 3(8(r3)-e(r j+ i)) 

3=1 
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where r 3 - G (Tj-i,Tj). Therefore 

k+l 



E 



l [Xj x j-l. 



j=1 Tj-Tj-! 



9(s)ds 



r i-i 



< (\x\ + \y\) sup \9\ + max \x 3 

[to,t] ^<k 



r j+ i 



E 

j'=i 



< 2 max \xj\ sup |0| + / \9(s)\ ds J . 



9(s)ds 



o<j<k+i y M 
Now let us consider the sum 

n—k k+l 



to 



E-Er'.'-r i 

i=l 7 = 1 J " /t ^- 1 



(*«,t](s)^s- 



Since Si G [to,t], there is a jo £ {0,1,..., A;} such that Si G [tj , 7j 0+ i]. This 
fact allows to rewrite the second sum in the latter expression as 



Xj +1 X + (Xj Q+ i Xj ) 



Si - Tjo+1 



30 



leading to 

n— k k+l 



i=i j=i T i T i~ l 
Inserting these estimates we obtain 

\T* n M\ 



n—k 



< 4 max \Xj 

0<j<k+l 



EN- 



< 



expf \x\ N I II /o r= ex P(l^! 2 ) H Sv 7 ^ H E N 

V 1=1 J f=l VMTj - Tj-l) \ , 

xexp 2 max \xA sup \9\ + / 0(s) <is I I exp 4 max \xA > |a;| 

^ o<i< fc +i y [t(ht] l j to j j y o<i< fc +i 



Now we introduce the norm 



sup \9(s) 

s<=[t ,t] 







f 


9( S ) 


h 





ds+ \9\ 



19 



With respect to this norm one may bound the previous expression by 

tn— k \ fc+l / n—k 

w e n n /0 7 ex p (ii^ii 2 ) ex p zvt^To wow yi \<*i\ 



n— A; 



x exp ( 2 max IxJ ||#|| ) exp 4 max \xA > 
V o<j<fc+i y V o<j<fc+i 



Then we use 



and 



Vt^WH < 2(*-*o + HO 

2 max < max (Ix,-! 2 ) + ||#|| 2 

o<i<fc+i o<j</fc+i v 7 

to obtain the desired estimate (J2J). 
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